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We investigate the generalized monogamy and polygamy relations N -qubit systems. We give
a general upper bound of the αth (0 ≤ α ≤ 2) power of concurrence for N -qubit states. The
monogamy relations satisfied by the αth (0 ≤ α ≤ 2) power of concurrence are presented for N -
qubit pure states under the partition AB and C1...CN−2, as well as under the partition ABC1 and
C2 · · ·CN−2. These inequalities give rise to the restrictions on entanglement distribution and the
trade off of entanglement among the subsystems. Similar results are also derived for negativity.
PACS numbers:
INTRODUCTION
Quantum entanglement [1–6] as a physical resource in
quantum communication and quantum information pro-
cessing has been the subject of many studies in recent
years. The study of quantum entanglement from differ-
ent points of view has been a very active area and has led
to many interesting results. Characterizing and quantify-
ing entanglement have emerged as one of the prominent
themes of quantum information theory. Although bipar-
tite entanglement is relatively well understood at least
for qubit systems, the characterization or classification
of multipartite entanglement is still very challenging.
Monogamy is one of the key features of multipartite en-
tanglement [7]. As one of the fundamental differences be-
tween quantum entanglement and classical correlations,
a key property of entanglement is that a quantum system
entangled with one of other systems limits its entangle-
ment with the remaining ones. The monogamy relations
give rise to the restrictions on distribution of entangle-
ment in the multipartite setting. It is also the key ingre-
dient behind secure quantum cryptography [8] and has
played an important role in condensed matter physics
such as the n-representability problem for fermions [9].
Thus, it is an important task to understand entanglement
monogamy and its characterization in order to unveil the
power of quantum entanglement in multipartite systems.
Monogamy of entanglement was first noted by Coffman,
Kundu, and Wootters [7] in terms of an inequality sat-
isfied by the squared concurrence C, often referred to as
the CKW inequality. Concurrence is a well-known mea-
sure of bipartite entanglement, introduced by Wootters
[10, 11].
For a tripartite system A, B and C, the usual
monogamy of an entanglement measure E implies that
the entanglement between A and BC satisfies EA|BC ≥
EAB + EAC . For a pure three-qubit state |ψ〉ABC , the
CKW inequality is first given by C2(ρA|BC) ≥ C2(ρAB)+
C2(ρAC), where A,B,C are three qubits with A as the
focus qubit, and ρA|BC stands for the bipartite splitting
between A and BC. The concurrence of a two-qubit state
ρ is given by C(ρ) = max{0, λ1 − λ2 − λ3 − λ4}, where
λ1, λ2, λ3, λ4 are the square root of the eigenvalues of
the matrix ρ(σy ⊗σy)ρ?(σy ⊗σy) in decreasing order, σy
is the Pauli matrix, and ρ? denotes the complex conju-
gate of ρ. C(ρAB) and C(ρAC) are the concurrence of
the reduced density matrices ρAB and ρAC of the state
ρABC = |ψ〉ABC〈ψ|, respectively. C(ρA|BC) is just the
linear entropy of the subsystem A. Monogamy relations
are not always satisfied by any forms of entanglement
measures. The concurrence and entanglement of forma-
tion do not satisfy the usual monogamy inequality. How-
ever, the αth (α ≥ 2) power of concurrence and the αth
(α ≥ √2) power of entanglement of formation do satisfy
the monogamy relations for N -qubit states [12]. In [13]
a tighter monogamy relation for αth (α ≥ 2) of concur-
rence has been presented. Recently, in [14, 15], the au-
thors introduced a definition of monogamy and polygamy
relations without inequalities.
In this paper, we study the general monogamy inequal-
ities with AB as the focus qubits, satisfied by the con-
currence and the concurrence of assistance (COA) [19].
We give an upper bound for the αth (0 ≤ α ≤ 2)
power of concurrence for multiqubit states. Then the
monogamy relations of the αth (0 ≤ α ≤ 2) power of
concurrence in N -qubit pure states under the partition
AB and C1...CN−2, as well as under the partition ABC1
and C2 · · ·CN−2, are established. Based on the relation
between negativity and concurrence, we also obtain the
similar results for negativity.
IMPROVED GENERALIZED MONOGAMY AND
POLYGAMY RELATIONS OF CONCURRENCE
Let HX denote the finite dimensional vector space as-
sociated with qubit X. For a bipartite pure state |ψ〉AB
in vector space HA ⊗ HB , the concurrence is given by
[16–18]
C(|ψ〉AB) =
√
2 [1− Tr(ρ2A)], (1)
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2where ρA is the reduced density matrix by tracing over
the subsystem B, ρA = TrB(|ψ〉AB〈ψ|). The concurrence
for a bipartite mixed state ρAB is defined by the convex
roof
C(ρAB) = min{pi,|ψi〉}
∑
i
piC(|ψi〉),
where the minimum is taken over all possible decomposi-
tions of ρAB =
∑
i pi|ψi〉〈ψi|, with pi ≥ 0,
∑
i pi = 1 and
|ψi〉 ∈ HA ⊗HB .
For a tripartite state |ψ〉ABC , the concurrence of assis-
tance (COA) is defined by [19]
Ca(|ψ〉ABC) = Ca(ρAB) = max{pi,|ψi〉}
∑
i
piC(|ψi〉),
for all possible ensemble realizations of ρAB =
TrC(|ψ〉ABC〈ψ|) =
∑
i pi|ψi〉〈ψi|. When ρAB is a pure
state, one has C(|ψ〉AB) = Ca(ρAB).
For an N−qubit state |ψ〉AB1,··· ,BN−1 ∈ HA ⊗ HB1 ⊗
· · · ⊗ HBN−1 , the concurrence C(|ψ〉A|B1···BN−1) of the
state |ψ〉A|B1···BN−1 , viewed as a bipartite with partitions
A and B1B2 · · ·BN−1, satisfies the monogamy inequality
for α ≥ 2 [20],
C2(ρA|B1,B2··· ,BN−1)
≥ C2(ρAB1) + C2(ρAB2) + · · ·+ C2(ρABN−1), (2)
where C(ρABi) is the concurrence of ρABi =
TrB1···Bi−1Bi+1···BN−1(ρ).
The dual inequality satisfied by COA for N -qubit
states has the form [21],
C2(|ψ〉A|B1B2···BN−1) ≤
N−1∑
i=1
C2a(ρABi). (3)
Furthermore, the authors in [12] give an generalized
monogamy relation for α ≥ 2, Cα(ρA|B1,B2··· ,BN−1) ≥
Cα(ρAB1) + C
α(ρAB2) + · · · + Cα(ρABN−1). However,
there are no dual inequalities yet satisfied by the αth
power of COA for N -qubit states. In this paper, we will
give some monogamy and polygamy relations for N -qubit
states in terms of the αth power of COA.
The concurrence (1) is related to the linear entropy
T (ρ) of a state ρ, T (ρ) = 1−Tr(ρ2) [22]. For a bipartite
state ρAB , T (ρ) has the property [23]
|T (ρA)− T (ρB)| ≤ T (ρAB) ≤ T (ρA) + T (ρB). (4)
For convenience, we write (3) as follows
C2(|ψ〉A|B1B2···BN−1) ≤
k∑
i=1
C2a(ρAMi), (5)
where C2a(ρAMi) =
∑Mi
j=Mi−1+1 C
2
a(ρABj ) with M0 =
0,
∑k
i=1Mi = N − 1, 1 ≤ k ≤ N − 1. The summa-
tion on the right hand side of (5) has been separated into
k parts. There is always a choice of Mi, such that the
above relations is true.
[Theorem 1]. For any N -qubit pure state
|ψ〉AB1B2···BN−1 , we have
Cα(|ψ〉A|B1B2···BN−1)
≤ Cαa (ρAM1) +
α
2
Cαa (ρAM2) + · · ·
+
(α
2
)k−1
Cαa (ρAMk), (6)
for all 0 ≤ α ≤ 2.
[Proof]. Without loss of generality, we can always
assume that C2a(ρAMt) ≥
∑k
l=t+1 C
2
a(ρAMl), 1 ≤ t ≤
k − 1, 2 ≤ k ≤ N − 1, by reordering M1,M2, · · · ,Mk
and/or relabeling the subsystems in need. Form the re-
sult in [21], we have
Cα(|ψ〉A|B1B2···BN−1)
≤
(
C2a(ρAM1) +
k∑
i=2
C2a(ρAMi)
)α
2
= Cαa (ρAM1)
(
1 +
∑k
i=2 C
2
a(ρAMi)
C2a(ρAM1)
)α
2
≤ Cαa (ρAM1)
1 + α
2
(∑k
i=2 C
2
a(ρAMi)
C2a(ρAM1)
)α
2

= Cαa (ρAM1) +
α
2
(
k∑
i=2
C2a(ρAMi)
)α
2
≤ · · · ≤
k∑
i=1
(α
2
)i−1
Cαa (ρAMi), (7)
where the first inequality is due to (5). Using the inequal-
ity (1 + t)x ≤ 1 + xt ≤ 1 + xtx for 0 ≤ x ≤ 1, 0 ≤ t ≤ 1,
we get the second inequality. 
Theorem 1 gives the polygamy relation of the αth
(0 ≤ α ≤ 2) power of concurrence for N -qubit pure
state |ψ〉A|B1B2,··· ,BN−1 based on the COA. For the case
of k = N − 1, we have the following result,
Cα(|ψ〉A|B1B2···BN−1)
≤ Cαa (ρAB1) +
α
2
Cαa (ρAB2) + · · ·
+
(α
2
)N−2
Cαa (ρABN−1). (8)
Specially, for α = 2, (6) or (8) reduces to the result (5)
in [21].
Example 1. Let us consider the three-qubit state |ψ〉,
which can be written in the generalized Schmidt decom-
position form [25, 26],
|ψ〉 = λ0|000〉+λ1eiϕ|100〉+λ2|101〉+λ3|110〉+λ4|111〉,
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FIG. 1: E is the entanglement as a function of α. Solid line is
the αth power of concurrence; Dashed line is the upper bound
– the right hand side of (6).
where λi ≥ 0, i = 0, · · · , 4 and
∑4
i=0 λ
2
i = 1. We
have C(ρA|BC) = 2λ0
√
λ22 + λ
2
3 + λ
2
4, C(ρAB) = 2λ0λ2,
C(ρAC) = 2λ0λ3, Ca(ρAB) = 2λ0
√
λ22 + λ
2
4, Ca(ρAC) =
2λ0
√
λ23 + λ
2
4. Set λ0 = λ1 = λ2 = λ3 = λ4 =
√
5
5 .
One gets Cα(ρA|BC) = (2
√
3
5 )
α, Cαa (ρAB) +
α
2C
α
a (ρAC) =(
1 + α2
)
( 2
√
2
5 )
α. The relation from (6) is shown in Fig.
1.
[Remark 1]. We have obtained a general polygamy in-
equality based on the αth (0 ≤ α ≤ 2) power of con-
currence, which includes the standard inequality (5) as
a special case of α = 2. Theorem 1 gives a weighted
polygamy inequality, which can give rise to finer char-
acterizations of entanglement distributions. Namely,
once the information about the ordering of the con-
currence of assistance between A and parts of the sys-
tems B1B2 · · ·BN−1 are given, we can present better
(weighted) characterizations of entanglement distribu-
tion among the subsystems. For example, let us con-
sider a three-qubit state ρABC ∈ HABC . By Theo-
rem 1, one has Cα(ρA|BC) ≤ Cαa (ρAB) + α/2Cαa (ρAC)
if Cαa (ρAB) ≥ Cαa (ρAC). Since α/2 ≤ 1, the weight of en-
tanglement between subsystems AB is larger than that
between subsystems AC. For the case that α = 1, we
have C(ρA|BC) ≤ Ca(ρAB) + 1/2Ca(ρAC). For given
C(ρA|BC), if Ca(ρAB) reduces a mount ∆, then Ca(ρAC)
may need to increase 2∆ to keep the inequality, which is
not the case from (5), where the entanglements of sub-
systems AB and AC are equally weighted.
[Lemma 1]. For arbitrary two real numbers x, y such
that x ≥ y ≥ 0, we have (x−y)α ≥ xα−yα and (x+y)α ≤
xα + yα for 0 ≤ α ≤ 1.
[Proof]. (x− y)α ≥ xα− yα is equivalent to (1− yx )α +
( yx )
α ≥ 1 for nonzero x. Denote t = yx . Then 0 ≤ t ≤ 1.
Set f(t) = (1−t)α+tα. We have dfdt = α[tα−1−(1−t)α−1].
When 0 ≤ t ≤ 12 , then dfdt ≥ 0, since 1 − t ≥ t and
α−1 < 0. Therefore, f(t) ≥ f(0) = 1 in this case. When
1
2 < t ≤ 1, then dfdt ≤ 0, since t ≥ 1 − t and α − 1 ≤ 0.
Hence, f(t) ≥ f(1) = 1 in this case. In summary, for
0 < α ≤ 1, f(t)min ≥ f(0) = f(1) = 1. Similarly, one
can get the second inequality in Lemma 1. When α = 0
or x = 0, the inequality is trivial. Hence we complete the
proof of the Lemma 1.
In the following, by using the conclusion of Theorem
1 and Lemma 1, we present some monogamy inequali-
ties and lower bounds of concurrence in terms of concur-
rence and COA. These monogamy relations are satisfied
by the concurrence of N -qubit states under the parti-
tion AB and C1 · · ·CN−2, as well as under the partition
ABC1 and C2 · · ·CN−2, which generalize the monogamy
inequalities for pure states in [27].
[Theorem 2]. For any 2 ⊗ 2 ⊗ · · · ⊗ 2 pure state
ρABC1···CN−2 , we have
Cα(ρAB|C1···CN−2)
≥ max

(
N−2∑
i=1
C2(ρACi) + C
2(ρAB)
)α
2
− JB ,
(
N−2∑
i=1
C2(ρBCi) + C
2(ρAB)
)α
2
− JA
 , (9)
for 0 ≤ α ≤ 2, N ≥ 4, where C2a(ρAMi) is de-
fined in (5) and JA =
∑k1
i=1
(
α
2
)i−1
Cαa (ρAMi), JB =∑k2
i=1
(
α
2
)i−1
Cαa (ρBMi).
[Proof]. Without loss of generality, there always exists
a proper ordering of the subsystems Mti ,Mti+1, · · · ,Mki
(i = 1, 2) such that C2a(ρAMt1 ) ≥
∑k1
l=t1+1
C2a(ρAMl) and
C2a(ρBMt2 ) ≥
∑k2
l=t2+1
C2a(ρBMl), 1 ≤ t1, t2 ≤ k − 1,
2 ≤ k1, k2 ≤ N − 1.
For 2 ⊗ 2 ⊗ · · · ⊗ 2 pure state ρABC1···CN−2 , if
C2(ρA|BC1···CN−2) ≥ C2(ρB|AC1···CN−2), one has
Cα(ρAB|C1···CN−2)
= (2T (ρAB))
α
2
≥ |2T (ρA)− 2T (ρB)|α2
= |C2(ρA|BC1···CN−2)− C2(ρB|AC1···CN−2)|
α
2
≥ Cα(ρA|BC1···CN−2)− Cα(ρB|AC1···CN−2)
≥
(
N−2∑
i=1
C2(ρACi) + C
2(ρAB)
)α
2
− Cα(ρB|AC1···CN−2)
≥
(
N−2∑
i=1
C2(ρACi) + C
2(ρAB)
)α
2
− JB ,
where the first inequality is due to the left inequality in
(4). Using the Lemma 1, one gets the second inequality.
From (2) we get the third inequality. The last inequality
is obtained by Theorem 1.
If C2(ρA|BC1···CN−2) ≤ C2(ρB|AC1···CN−2), similar to
the above derivation, we can obtain another inequality
in Theorem 2. 
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FIG. 2: Cα(ρAB|C1···CN−2) as a function of α for (9). The
right end point of the curve corresponds to the value of α = 2,
which is the result in [27].
Example 2. Let us consider the following four-qubit
pure state,
|ψ〉ABCD = 1√
3
(|0000〉+ |0010〉+ |1011〉). (10)
From the Theorem 1 in [27] we get C2(|ψ〉AB|CD) ≥ 49 for
α = 2. From our Theorem 2, we have Cα(|ψ〉AB|CD) ≥
( 23 )
α for any α, see Fig. 2.
[Remark 2]. Theorem 2 gives a monogamy inequality
under the partition AB and C1 · · ·CN−2. Similar to The-
orem 1, it also gives rise finer weighted characterizations
of the entanglement distributions among the subsystems,
as is illustrated in Example 2. Here we indicate that the
proof of the main result in Ref. [25] has a flaw: where
the equality C2(|ψ〉A|BC) = C2(ρAB) + C2a(ρAC) is used
for an arbitrary 2 ⊗ 2 ⊗m quantum pure state |ψ〉ABC ,
which has not been proved yet. We used some basic in-
equalities and Theorem 1 to prove the Theorem 2, which
includes the result in Ref. [25] as a special case of α = 2.
[Theorem 3]. For any 2 ⊗ 2 ⊗ · · · ⊗ 2 pure state
|ψ〉ABC1···CN−2 , we have
Cα(|ψ〉AB|C1···CN−2) ≤ JA + JB (11)
for 0 ≤ α ≤ 2, N ≥ 4, where JA and JB are defined the
same with Theorem 2.
[Proof]. Without loss of generality, there always exists
a proper ordering of the subsystems Mti ,Mti+1, · · · ,Mki
(i = 1, 2) such that C2a(ρAMt1 ) ≥
∑k1
l=t1+1
C2a(ρAMl) and
C2a(ρBMt2 ) ≥
∑k2
l=t2+1
C2a(ρBMl), 1 ≤ t1, t2 ≤ k − 1,
2 ≤ k1, k2 ≤ N − 1.
For 2⊗ 2⊗ · · · ⊗ 2 pure state |ψ〉ABC1···CN−2 , one has
Cα(|ψ〉AB|C1···CN−2)
= (2T (ρAB))
α
2
≤ (2T (ρA) + 2T (ρB))α2
= (C2(ρA|BC1···CN−2) + C
2(ρB|AC1···CN−2))
α
2
≤ Cα(ρA|BC1···CN−2) + Cα(ρB|AC1···CN−2)
≤ JA + JB ,
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FIG. 3: Cα(ρAB|C1···CN−2) as a function of α for (9). The
right end point of the curve corresponds to the value of α = 2,
which is the result in [27].
where the first inequality is due to the right inequality
in (4). The second inequality is due to Lemma 1. Using
the Theorem 1, one gets the last inequality. 
For the four-qubit state (10), we have Ca(ρAB) = 0.
Then from the Theorem 2 in [27], we get C2(|ψ〉AB|CD) ≤
4
3 for α = 2. From our Theorem 3, we have
Cα(|ψ〉AB|CD) ≤ ( 2
√
2
3 )
α + α2 (
2
3 )
α for any α, see Fig. 3.
[Remark 3]. We have presented a weighted polygamy
inequality for the αth (0 ≤ α ≤ 2) power of concurrence,
which includes the result in Ref. [25] as a special case
of α = 2. For 0 ≤ α < 2, Theorem 3 gives rise to again
finer characterizations of the entanglement distributions
by weighting the entanglement of the subsystems.
Now we generalize our results to the concurrence
CABC1|C2···CN−2(|ψ〉) under the partition ABC1 and
C2 · · ·CN−2 (N ≥ 6) for pure state |ψ〉ABC1···CN−2 . Simi-
lar to Theorem 2 and Theorem 3, we obtain the following
corollaries:
[Corollary 1]. For any N -qubit pure state
|ψ〉ABC1···CN−2 , we have
Cα(|ψ〉ABC1|C2···CN−2)
≥ max

(
N−2∑
i=1
C2(ρACi) + C
2(ρAB)
)α
2
− JB ,
(
N−2∑
i=1
C2(ρBCi) + C
2(ρAB)
)α
2
− JA
− JC1 , (12)
where JA, JB are defined as in Theorem 2, JC1 =∑k
i=1
(
α
2
)i−1
Cαa (ρC1Mi), 2 ≤ m ≤ N − 3, N ≥ 6.
[Proof]. For any N -qubit pure state |ψ〉ABC1···CN−2 , if
5C2(|ψ〉AB|C1···CN−2) ≥ C2(|ψ〉C1|ABC2···CN−2), we have
Cα(|ψ〉ABC1|C2···CN−2)
= (2T (ρABC1))
α
2
≥ |2T (ρAB)− 2T (ρC1)|
α
2
= |C2(|ψ〉AB|C1···CN−2)− C2(|ψ〉C1|ABC2···CN−2)|
α
2
≥ Cα(|ψ〉AB|C1···CN−2)− Cα(|ψ〉C1|ABC2···CN−2),
where the first inequality is due to T (ρABC1) ≥ T (ρAB)−
T (ρC1). Using Lemma 1, we get the second inquality.
Combining Theorem 1 and Theorem 2, we obtain (12).

[Corollary 2]. For any N -qubit pure
state |ψ〉ABC1···CN−2 , if C2(|ψ〉AB|C1···CN−2) ≤
C2(|ψ〉C1|ABC2···CN−2), we have
Cα(|ψ〉ABC1|C2···CN−2)
≥
(
C2(ρAC1) + C
2(ρBC1) +
N−2∑
i=2
C2(ρC1Ci)
)α
2
−JA − JB , (13)
and
Cα(|ψ〉ABC1|C2···CN−2) ≤ JA + JB + JC1 , (14)
where JA, JB are defined in Theorem 2, JC1 is defined
in Corollary 1.
In Corollary 2, the upper bound is due to the
right inequalities of (4) and (6). Analogously, by
using T (ρABC1) ≥ |T (ρAC1) − T (ρB)|, T (ρABC1) ≥
|T (ρA) − T (ρBC1)|, and T (ρABC1) ≤ |T (ρAC1) +
T (ρB)|, T (ρABC1) ≤ |T (ρA) + T (ρBC1)|, one can gets
(13) and (14).
The lower bounds in Corollary 1 and Corollary 2 are
not equivalent. We consider the following two examples
to show that Corollary 1 and Corollary 2 give rise to
different lower bounds.
Example 3. Let us consider the pure state
|ψ〉ABC1C2C3C4 = 1√2 (|000000〉 + |101000〉). We have
C(ρAB) = C(ρACi) = Ca(ρACi) = C(ρC1Ci) =
Ca(ρC1Ci) = 0 for i = 2, 3, 4; C(ρBCi) = Ca(ρBCi) = 0
for i = 1, 2, 3, 4; and C(ρAC1) = Ca(ρAC1) = 1. Thus,
we have C(|ψ〉) ≥ 1 from (12) and C(|ψ〉) ≥ 0 from (13).
Namely, bound (12) is better than (13) in this case.
Example 4. For the state |ψ〉ABC1C2C3C4 =
1√
2
(|000000〉 + |001100〉), it is straightforward to calcu-
late that C(ρAB) = C(ρACi) = Ca(ρACi) = Ca(ρBCi) =
C(ρBCi) = C(ρC1C3) = C(ρC1C4) = 0 for i = 2, 3, 4; and
C(ρC1C2) = Ca(ρC1C2) = 1. Hence, we have C(|ψ〉) ≥ 0
from (12) and C(|ψ〉) ≥ 1 from (13). The bound (13) is
better than (12) in this case.
GENERALIZED MONOGAMY AND POLYGAMY
RELATIONS OF NEGATIVITY
Another well-known quantifier of bipartite entangle-
ment is the negativity. Given a bipartite state ρAB in
HA ⊗HB , the negativity is defined by [28]
N(ρAB) =
||ρTAAB || − 1
2
,
where ρTAAB is the partially transposed matrix of ρAB with
respect to the subsystem A, ||X|| denotes the trace norm
of X, i.e ||X|| = Tr
√
XX†. Negativity is a computable
measure of entanglement, and is a convex function of
ρAB . It vanishes if and only if ρAB is separable for the 2⊗
2 and 2⊗ 3 systems [29]. For the purposes of discussion,
we use the following definition of negativity:
N(ρAB) = ||ρTAAB || − 1.
For any bipartite pure state |ψ〉AB in a d ⊗ d quantum
system with Schmidt rank d, |ψ〉AB =
∑d
i=1
√
λi|ii〉, one
has
N(|ψ〉AB) = 2
∑
i<j
√
λiλj , (15)
from the definition of concurrence (1), we have
C(|ψ〉AB) = 2
√∑
i<j
λiλj . (16)
Combining (15) with (16), one obtains
N(|ψ〉AB) ≥ C(|ψ〉AB). (17)
For any bipartite pure state |ψ〉AB with Schmidt rank
2, one has N(|ψ〉AB) = C(|ψ〉AB) from (15) and (16). For
a mixed state ρAB , the convex-roof extended negativity
(CREN) is defined by
Nc(ρAB) = min
∑
i
piN(|ψi〉AB),
where the minimum is taken over all possible pure state
decompositions {pi, |ψi〉AB} of ρAB . CREN gives a
perfect discrimination of positively partial transposed
bound entangled states and separable states in any bi-
partite quantum systems [30, 31]. For a mixed state
ρAB , the convex-roof extended negativity of assistance
(CRENOA) is defined by [32]
Na(ρAB) = max
∑
i
piN(|ψi〉AB),
where the maximum is taken over all possible pure state
decompositions {pi, |ψi〉AB} of ρAB .
6CREN is equivalent to concurrence for any pure state
with Schmidt rank 2 [32]. Consequently for any two-
qubit mixed state ρAB , one has
Nc(ρAB) = C(ρAB) (18)
and
Na(ρAB) = Ca(ρAB). (19)
For N -qubit pure state |ψ〉A|B1B2,··· ,BN−1 , from (17),
(18), (19) and the monogamy of the concurrence, we have
Nα(|ψ〉A|B1B2,··· ,BN−1)
≥ Nαc (ρAB1) +Nαc (ρAB2) + · · ·+Nαc (ρABN−1),(20)
for α ≥ 2. The dual inequality [32] in terms of CRENOA
is given by
N2(|ψ〉A|B1B2,··· ,BN−1)
≤ N2a (ρAB1) +N2a (ρAB2) + · · ·+N2a (ρABN−1)
=
k∑
i=1
N2a (ρAMi), (21)
where N2a (ρAMi) =
∑Mi
j=Mi−1+1N
2
a (ρABj ) with M0 =
0,
∑k
i=1Mi = N − 1, 1 ≤ k ≤ N − 1. By similar
consideration to concurrence, we get the upper bound of
the αth power of negativity as follows.
[Theorem 4]. For any N -qubit pure state
|ψ〉AB1B2,··· ,BN−1 , we have
Nα(|ψ〉A|B1B2,··· ,BN−1)
≤ Nαa (ρAM1) +
α
2
Nαa (ρAM2) + · · ·
+
(α
2
)k−1
Nαa (ρAMk), (22)
for all 0 ≤ α ≤ 2, N ≥ 4.
[Theorem 5]. For any 2 ⊗ 2 ⊗ · · · ⊗ 2 pure state
|ψ〉ABC1···CN−2 , we have
Nα(|ψ〉AB|C1···CN−2)
≥ max(
(
N−2∑
i=1
N2c (ρACi) +N
2
c (ρAB)
)α
2
− J ′B ,(
N−2∑
i=1
N2c (ρBCi) +N
2
c (ρAB)
)α
2
− J ′A),
for 0 < α ≤ 2, N ≥ 4, where J ′A =∑k1
i=1
(
α
2
)i−1
Nαa (ρAMi), J
′
B =
∑k2
i=1
(
α
2
)i−1
Nαa (ρBMi).
[Proof]. Without loss of generality, there always exists
a proper ordering of the subsystems Mti ,Mti+1, · · · ,Mki
(i = 1, 2) such that N2a (ρAMt1 ) ≥
∑k1
l=t1+1
N2a (ρAMl) and
N2a (ρBMt2 ) ≥
∑k2
l=t2+1
N2a (ρBMl), 1 ≤ t1, t2 ≤ k − 1,
2 ≤ k1, k2 ≤ N − 1.
For 2⊗ 2⊗ · · · ⊗ 2 pure state |ψ〉ABC1···CN−2 , we have
Nα(|ψ〉AB|C1···CN−2) ≥ Cα(|ψ〉AB|C1···CN−2)
≥ max(
(
N−2∑
i=1
C2(ρACi) + C
2(ρAB)
)α
2
− JB ,
(
N−2∑
i=1
C2(ρBCi) + C
2(ρAB)
)α
2
− JA)
= max(
(
N−2∑
i=1
N2c (ρACi) +N
2
c (ρAB)
)α
2
− J ′B ,(
N−2∑
i=1
N2c (ρBCi) +N
2
c (ρAB)
)α
2
− J ′A),
where the first inequality is due to (17), the second in-
equality is from Theorem 2, the equality is based on (18)
and (19). 
For N -qubit pure state |ψ〉A|B1B2,··· ,BN−1 , based
on the result in [33, 34], N(|ψ〉AB|C1···CN−2) ≤√
r(r−1)
2 C(|ψ〉AB|C1···CN−2), where r is the Schmidt rank
of the pure state |ψ〉ABC1···CN−2 . From Theorem 3, we
can obtain the upper bound of negativity under the par-
tition AB and C1 · · ·CN−2.
[Theorem 6]. For any 2 ⊗ 2 ⊗ · · · ⊗ 2 pure state
|ψ〉ABC1···CN−2 , we have
Nα(|ψ〉AB|C1···CN−2) ≤
(
r(r − 1)
2
)α
2
(J ′A + J
′
B),
for 0 ≤ α ≤ 2, where J ′A, J ′B are given in Theorem 5.
Example 5. Let us consider the 4-qubit generalized
W -class state,
|W 〉ABC1C2 = λ1|1000〉+ λ2|0100〉
+λ3|0010〉+ λ4|0001〉, (23)
where
∑
i λ
2
i = 1. We have N(|W 〉AB|C1C2) =
2
√
(λ21 + λ
2
2)(λ
2
3 + λ
2
4), Nc(ρAB) = Na(ρAB) = 2λ1λ2,
Nc(ρAC1) = Na(ρAC1) = 2λ1λ3, Nc(ρAC2) =
Na(ρAC2) = 2λ1λ4. Taking λ1 =
3
4 , λ2 =
1
2 , λ3 =
√
2
4 , λ4 =
1
4 , we get J
′
A = J
′
B =
(
3
4
)α
+
α
2
(
3
√
2
8
)α
+
(
α
2
)2 ( 3
8
)α
. Set y = Nα(|W 〉AB|C1C2) −(
(N2c (ρAB) +N
2
c (ρAC1) +N
2
c (ρAC2))
α
2 − J ′A
)
, i.e., the
difference between the left and right side of Theorem 5.
We elucidate the results of Theorem 5 in Fig. 4 for this
case. For the case that the Schmidt rank of the pure state
of |ψ〉AB|C1···CN−2 is 2, we show the results of Theorem
6 in Fig. 5.
CONCLUSION
Entanglement monogamy and polygamy are
fundamental properties of multipartite entangled
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FIG. 4: N is the difference between the left and right side of
Theorem 5
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FIG. 5: N is the entanglement as a function of α. Solid line
is the value of Nα(|W 〉AB|C1C2); Dashed line is the value of
J ′A + J
′
B .
states. We have presented the monogamy re-
lations of the αth power of concurrence for N -
qubit systems by showing the relations among
C(|ψ〉AB|C1···CN−2), C(ρAB), C(ρACi), C(ρBCi), Ca(ρACi),
and Ca(ρBCi), 1 ≤ i ≤ N−2, which give rise to the lower
and upper bounds on the entanglement sharing among
the partitions. We have investigated the monogamy
relations based on concurrence and COA. The upper
bound of the αth (0 ≤ α ≤ 2) power of concurrence has
been obtained based on the COA. We have obtained
the monogamy and polygamy relations satisfied by the
αth (0 ≤ α ≤ 2) power of concurrence in N -qubit pure
states under the partition AB and C1 · · ·CN−2, as well
as under the partition ABC1 and C1 · · ·CN−2. These
relations also give rise to a kind of trade-off relations
related to the lower and upper bounds of concurrences.
Based on the relations between negativity and con-
currence, we have also obtained the similar results for
CREN and CRENOA. These results may be generalized
to monogamy and polygamy relations under arbitrary
partitions CABC1···Ci|Ci+1···CN−2 , 2 ≤ i ≤ N − 2. Our
approach may be used for the investigation of entangle-
ment distribution based on other measures of quantum
correlations.
Acknowledgments This work is supported by the
NSF of China under Grant No. 11675113 and NSF of
Beijing under No. KZ201810028042.
∗ Corresponding author: jzxjinzhixiang@126.com
† Corresponding author: feishm@mail.cnu.edu.cn
[1] F. Mintert, M. Kus´, and A. Buchleitner, Phys. Rev. Lett.
92, 167902 (2004).
[2] K. Chen, S. Albeverio, and S. M. Fei, Phys. Rev. Lett.
95, 040504 (2005).
[3] H. P. Breuer, J. Phys. A: Math. Gen. 39, 11847 (2006).
[4] H. P. Breuer, Phys. Rev. Lett. 97, 080501 (2006).
[5] J. I. de Vicente, Phys. Rev. A 75, 052320 (2007).
[6] C. J. Zhang, Y. S. Zhang, S. Zhang, and G. C. Guo,
Phys. Rev. A 76, 012334 (2007).
[7] V. Coffman, J. Kundu, and W. K. Wootters, Phys. Rev.
A 61, 052306 (2000).
[8] M. Pawlowski, Phys. Rev. A 82, 032313 (2010).
[9] A. J. Coleman and V. I. Yukalov, Lecture Notes in Chem-
istry (Springer-Verlag, Berlin, 2000), Vol. 72.
[10] S. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022
(1997).
[11] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
[12] X. N. Zhu and S. M. Fei, Phys. Rev. A 90, 024304 (2014).
[13] Z. X. Jin, S. M. Fei. Quantum Inf Process (2017) 16:77.
[14] G. Gour, Y. Guo, Quantum 2, 81 (2018).
[15] Y. Guo, Quantum Information Processing, 17:222 (2018).
[16] A. Uhlmann, Phys. Rev. A 62, 032307 (2000).
[17] P. Rungta, V. Buz˘ek, C. M. Caves, M. Hillery, and G. J.
Milburn, Phys. Rev. A 64, 042315 (2001).
[18] S. Albeverio and S. M. Fei, J. Opt. B: Quantum Semi-
class. Opt. 3, 223 (2001).
[19] C. S. Yu and H. S. Song, Phys. Rev. A 77, 032329 (2008).
[20] T. J. Osborne and F. Verstraete, Phys. Rev. Lett. 96,
220503 (2006).
[21] G. Goura, S. Bandyopadhyayb, and B. C. Sandersc, J.
Math. Phys. 48, 012108 (2007).
[22] E. Santos and M. Ferrero, Phys. Rev. A 62, 024101
(2000).
[23] C. J. Zhang, Y. X. Gong, Y. S. Zhang, and G. C. Guo,
Phys. Rev. A 78, 042308 (2008).
[24] C. S. Yu and H. S. Song, Phys. Rev. A 76,022324 (2007).
[25] A. Acin, A. Andrianov, L. Costa, E. Jane, J. I. Latorre,
and R. Tarrach, Phys. Rev. Lett. 85, 1560 (2000).
[26] X. H. Gao and S. M. Fei, Eur. Phys. J. Special Topics
159, 71 (2008).
[27] X. N. Zhu and S. M. Fei, Phys. Rev. A 92, 062345 (2015).
[28] G. Vidal, and R. F. Werner, Phys. Rev. A. 65, 032314
(2002).
[29] M. Horodecki, P. Horodecki, and R. Horodecki, Phys.
Rev. Lett. 80, 5239 (1998).
[30] P. Horodeki, Phys. Lett. A. 232, 333 (1997).
[31] W. Du¨r, J. I. Cirac, M. Lewenstein, and D. Bruß, Phys.
Rev. A. 61, 062313 (2000).
[32] J. S. Kim, A. Das, and B. S. Sanders, Phys. Rev. A. 79,
012329 (2009).
[33] C. Eltschka, G. To´th, and J. Siewert, Phys. Rev. A 91,
032327 (2015).
8[34] Y. M. Yany, W. Chen, G. Li, and Z. J. Zheng, Phys. Rev.
A 97, 012336 (2018).
